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EXPLICIT COMBINATORIAL INTERPRETATION 
OF KEROV CHARACTER POLYNOMIALS 
AS NUMBERS OF PERMUTATION FACTORIZATIONS 

MACIEJ DOtEGA, VALENTIN FERAY, AND PIOTR SNIADY 



■ Abstract. We find an explicit combinatorial interpretation of the co- 
| efficients of Kerov character polynomials which express the value of nor- 

00 ■ malized irreducible characters of the symmetric groups & (n) in terms of 

free cumulants R 2 , R3 , . . . of the corresponding Young diagram. Our 
interpretation is based on counting certain factorizations of a given per- 
mutation. 

u 

+-> 

1. Introduction 

1.1. Generalized Young diagrams. We are interested in the asymptotics 
of irreducible representations of the symmetric groups &(n) for n — > 00 

■ in the scaling of balanced Young diagrams which means that we consider 
a sequence (A^) of Young diagrams with a property that A^ n ^ has n boxes 
and 0{y/n) rows and columns. This scaling makes the graphical represen- 
tations of Young diagrams particularly useful; in this article we will use two 
conventions for drawing Young diagrams: the French (presented on Figure 
[T]) and the Russian one (presented on Figure©. Notice that the graphs in the 
Russian convention are created from the graphs in the French convention by 
rotating counterclockwise by | and by scaling by a factor y/2. 

^ ■ Any Young diagram drawn in the French convention can be identified 

with its graph which is equal to the set {(x, y) : < x, < y < f(x)} for a 
suitably chosen function / : IR + — > R + , where M + = [0, 00). It is therefore 
natural to define the set of generalized Young diagrams Y (in the French 
convention) as the set of bounded, non-increasing functions / : M + — > R + 
with a compact support; in this way any Young diagram can be regarded as 
a generalized Young diagram. 

We can identify a Young diagram drawn in the Russian convention with 
its profile, see Figure© It is therefore natural to define the set of generalized 
Young diagrams Y (in the Russian convention) as the set of functions / : 
R — > R + which fulfill the following two conditions: 

• / is a Lipschitz function with constant 1, i.e. | f(x) — f(y) \ < \x—y\, 

• f(x) = |x| if |x| is large enough. 

1 
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n 1 1 1 1 i 

1 2 3 4 5 

Figure 1 . Young diagram (4, 3, 1) drawn in the French convention 




2':-. 



i-- 



-4 -3 -2 -1 1 2 3 4 5 

Figure 2. Young diagram (4,3, 1) drawn in the Russian 
convention. The profile of the diagram has been drawn in 
the solid line. 

At the first sight it might seem that we have defined the set Y of general- 
ized Young diagrams in two different ways, but we prefer to think that these 
two definitions are just two conventions (French and Russian) for drawing 
the same object. This will not lead to confusions since it will be always 
clear from the context which of the two conventions is being used. 

The setup of generalized Young diagrams makes it possible to speak 
about dilations of Young diagrams. In the geometric language of French 
and Russian conventions such dilations simply correspond to dilations of 
the graph. Formally speaking, if / e Y is a generalized Young diagram 
(no matter in which convention) and s > is a real number we define the 
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dilated diagram sf G Y by the formula 

(sf)(x) = sf (~). 

This notion of dilation is very useful in the study of balanced Young di- 
agrams because if (A' n )) n is a sequence of balanced Young diagrams we 
may for example ask questions about the limit of the sequence 
0771IVK771 . 

1.2. Normalized characters. Any permutation n G &{k) can be also re- 
garded as an element of &(n) if k < n (we just declare that ir G &(n) has 
additional n — k fixpoints). For any tt G &{k) and an irreducible represen- 
tation p x of the symmetric group &(n) corresponding to the Young diagram 
A we define the normalized character 

n(n — 1) • • • (n — k + 1) .. Trp ^ A if k < n, 

2 ' 2 i/ dimension of p A — 1 

v 

k factors 

otherwise. 

One of the reasons why such normalized characters are so useful in the 
asymptotic representation theory is that, as we shall see in Section HI one 
can extend the definition of to the case when A G Y is a generalized 
Young diagram; furthermore computing their values will turn out to be easy. 

Particularly interesting are the values of characters on cycles, therefore 
we will use the notation 

^k — ^(1,2,. „,fc)> 

where we treat the cycle (1, 2, . . . , k) as an element of 6 (A;) for any integer 
k>l. 

1.3. Free cumulants. Let A be a (generalized) Young diagram. We define 
its free cumulants R2 , -R3, . . . by the formula 

(1) Ri = lim 

in other words each free cumulant is asymptotically the dominant term of 
the character on a cycle of appropriate length in the limit when the Young 
diagram tends to infinity. 

From the above definition it is clear that free cumulants should be in- 
teresting for investigations of the asymptotics of characters of symmetric 
groups, but it is not obvious why the limit should exist and if there is some 
direct way of calculating it. In Sections [2] and [3] we will review some more 
conventional definitions of free cumulants and some more direct ways of 
calculating them. 
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One of the reasons why free cumulants are so useful in the asymptotic 
representation theory is that they are homogeneous with respect to dilations 
of the Young diagrams, namely 

jdsX k pA. 

n k — h n k , 

in other words the degree of the free cumulant Rk is equal to k. This prop- 
erty is an immediate consequence of © but it also follows from more con- 
servative definitions of free cumulants. 

In fact, the notion of free cumulants origins from the work of Voiculescu 
[Voi86] where they appeared as coefficients of an i?-series which turned 
out to be useful in description of free convolution in the context of free 
probability theory HVDN92L The name of free cumulants was coined by 
Speicher [ Spe98] who found their combinatorial interpretation and their re- 
lations with the lattice of non-crossing partitions [Spe93]. Since free prob- 
ability theory is closely related to the random matrix theory HVoi91|| free 
cumulants quickly became an important tool not only within the framework 
of free probability but in the random matrix theory as well. 

1 .4. Kerov character polynomials. The following surprising fact is fun- 
damental for this article: it turns out that free cumulants can be used not 
only to provide asymptotic approximations for the characters of symmetric 
groups, but also for exact formulas. Kerov during a talk in Institut Henri 
Poincare in January 2000 [Ker00| announced the following result (the first 
published proof was given by Biane [BiaQ3]|): for each permutation n there 
exists a universal polynomial K n with integer coefficients, called Kerov 
character polynomial, with a property that 

(2) ^ = K n (RiRl...) 

holds true for any (generalized) Young diagram A. We say that Kerov poly- 
nomial is universal because it does not depend on the choice of A. In order 
to keep the notation simple we make the dependence of the characters and 
of the free cumulants on A implicit and we write 

= K n (R 2 , R3, . . . ). 

As usual, we are mostly concerned with the values of the characters on the 
cycles, therefore we introduce special notation for such Kerov polynomials 

Sfc = K k (R 2 , R3, . . . ). 
Kerov also found the leading term of the Kerov polynomial: 

(3) S fe = Rk+i + (terms of degree at most k — 1) 
which has (OQ) as an immediate consequence. 
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The first few Kerov polynomials K k are as follows [BiaOlJ: 

Si = R2, 

53 = -R4 + R2, 

5 4 = R 5 + 5i? 3 , 

E 5 = R 6 + 15 i? 4 + 5i?2 + 8i? 2 , 

S 6 = R 7 + 35 i? 5 + 35^3^2 + 84R 3 . 

Based on such numerical evidence Kerov formulated during his talk HKerOOl 
the following conjecture. 

Conjecture 1.1 (Kerov). The coefficients of Kerov character polynomials 
Kk (k > 1) are non-negative integers. 

Biane [Bia03] stated a very interesting conjecture that the underlying rea- 
son for positivity of the coefficients of Kerov polynomials is that they are 
equal to cardinalities of some combinatorial objects. Biane provided also 
some heuristics what these combinatorial objects could be (we postpone the 
details until Section QTTTjJ- 



Since then a number of partial answers were found. Sniady [Sni06a| 
found explicitly the next term (with degree k — 1) in the expansion © (the 
form of this next term was conjectured by Biane [Bia03J). Goulden and Rat- 
tan HGR07H found an explicit but complicated formula for the coefficients 
of Kerov polynomials. These results, however, did not shed too much light 
into possible combinatorial interpretations of Kerov character polynomials. 

Some light on the possible combinatorial interpretation of Kerov polyno- 
mials was shed by the following result proved by Biane in the aforemen- 
tioned paper HBia03H and Stanley HSta02H . 

Theorem 1.2 (Linear terms of Kerov polynomials). For all integers I > 2 
and k > 1 the coefficient of Ri in the Kerov polynomial K k is equal to the 
number of pairs (01, cr 2 ) of permutations 0\,Oi G &(k) such that <T 1 oa 2 = 
(1,2,..., k) and such that <j 2 consists of one cycle and 0\ consists of I — 1 
cycles. 

For a permutation n we denote by C(ir) the set of cycles of n. Feray 
Fer07l extended the above result to the quadratic terms of Kerov polyno- 
mials. 

Theorem 1.3 (Quadratic terms of Kerov polynomials). For all integers 
h,h > 2 and k > 1 the coefficient ofR^Ri 2 in the Kerov polynomial K~k is 
equal to the number of triples (ax, 02, q) with the following properties: 

• 0i, o"2 is a factorization of the cycle; in other words o\ y oi G &(k) 
are such that o\ o a 2 — (1, 2, . . . , k); 
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• a 2 consists of two cycles and u\ consists ofh + l 2 — 2 cycles; 

• q : C(a 2 ) — > h} is a surjective map on the two cycles of <j 2 ; 

• for each cycle c G C(a 2 ) there are at least q(c) cycles of ax which 
intersect nontrivially c. 

In fact, Feray [Fer07] managed also to prove positivity of the coefficients 
of Kerov character polynomials by finding some combinatorial objects with 
appropriate cardinality, but his proof was so complicated that the result- 
ing combinatorial objects were hardly explicit in more complex cases. We 
compare this work with our new result in Section [8] 

1.5. The main result: explicit combinatorial interpretation of the coef- 
ficients of Kerov polynomials. The following theorem is the main result of 
the paper: it gives a satisfactory answer for the Kerov conjecture by provid- 
ing an explicit combinatorial interpretation of the coefficients of the Kerov 
polynomials. It was formulated for the first time as a conjecture in June 
2008 by Valentin Feray and Piotr Sniady after some computer experiments 
concerning the coefficient of R 2 in Kerov polynomials K-j and Kg. The 
original formulation of the conjecture was Theorem I7.lt the form below 
was pointed out by Philippe Biane in a private communication. 

Theorem 1.4 (The main result). Let k > 1 and let s 2 , s 3 , . . . be a sequence 
of non-negative integers with only finitely many non-zero elements. The 
coefficient of R% 2 R^ 3 ■ ■ ■ in the Kerov polynomial Kf. is equal to the number 
of triples (ai, <j 2 , q) with the following properties: 

(a) 0i, a 2 is a factorization of the cycle; in other words o\,o 2 G &(k) 
are such that a\ o er 2 = (1, 2, . . . , k); 

(b) the number of cycles of a 2 is equal to the number of factors in the 
product R S 2 R S % ■ ■ ■ ; in other words \C(a 2 ) \ = s 2 + s 3 + • • • ; 

(c) the total number of cycles of 0\ and a 2 is equal to the degree of the 
product R S 2 R s £ ■ ■ ■; in otherwords |C(o"i)| + |C(cr 2 )| = 2s 2 + 3s 3 -|- 
4s 4 + ■ • • ; 

(d) q : C(a 2 ) — ► {2, 3, ... } is a coloring of the cycles of o 2 with a 
property that each color i G {2, 3, ... } is used exactly Sj times 
(informally, we can think that q is a map which to cycles of C(cr 2 ) 
associates the factors in the product R 2 2 R^ ■ ■ ■ ); 

(e) for every set A C C(cr 2 ) which is nontrivial (i.e., 4^0 and A 7^ 
C(a 2 )) there are more than J2 i( z A (q(i) — l) cycles of o\ which 
intersect \J A. 



A careful reader may notice that condition (b) in the above theorem is 



redundant since it is implied by condition |(d)| we decided to keep it for the 
sake of clarity. We postpone presenting interpretations of condition |(e) | until 
Section [L8] and Section [L9l 
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One can easily see that Theorem 11.21 and Theorem 11.31 are special cases 
of the above result. We decided to postpone the discussion of other appli- 
cations of this main result until Section 11.121 when more context will be 
available. 

1.6. Characters for more complicated conjugacy classes. In order to 
study characters on more complicated conjugacy classes we will use the 
following notation. For k\, . . . , ki > 1 we define 

y>A y>A 

^k ly ...,ki — ir ' 

where n E &(ki + • • • + ki) is any permutation with the lengths of the 
cycles given by ki, . . . , kf, we may take for example ir = (1, 2, . . . , kx){k\-\- 
1, k\ + 2, . . . , k± + fe) • • • . For simplicity we will often suppress the explicit 
dependence of on A. 



Unfortunately, as it was pointed out by Rattan and Sniady [RS08J, Kerov 
conjecture is not true for more complicated Kerov polynomials K n for 
which 7r consists of more than one cycle. However, they conjectured that it 
would still hold true if the definition © of Kerov polynomials was modified 
as follows. 

For ki, . . . , ki > 1 we consider cumulant /^(E^, . . . , S^) of the conju- 
gacy cla sses of cycles. Precise definition of these quantities can be found in 



IISni06bl . for the purpose of this article it is enough to know that their rela- 
tion to the characters is analogous to the relation between classical 
cumulants of random variables and their moments, as it can be seen on the 
following examples: 

^r,s = ft' (^7*5 ^jfi) H" ft (^r) ft (^s)? 

K,s,t =«: id (£ r , S s , E t ) + K id (£ r K d (£ s , Et) + /€ id (S s ) K id (S r , Et) + 
K id (£,K d (£ r , E s ) + K id (£ r K d (£> id (£ s ), 

k (E r ) = E r , 
k (S r , E s ) = S T . jS S r S s , 
fc d (S, r , S s , Sj) = 5j r ,s,i £ r 5j S) £ S s S r ^ S(S rjS + 2 S r S s Sf. 



As it was pointed out in |Sni06bJ, the above quantities K ld (S r , E s , . . . ) are 
very useful in the study of fluctuations of random Young diagrams; in fact 
they are even more fundamental than the characters £ r s ... themselves. 



Conjecture 1.5 (Rattan, Sniady llRS08lO . For ki, . . . , h > 1 there exists a 
universal polynomial K klj kl with non-negative integer coefficients, called 
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generalized Kerov polynomial, such that 

(— l)' _1 /« ld (S fcl , . . . , S fc; ) = K klj „. t k l {R2, R3, ■■■)■ 
The coefficients of this polynomials have some combinatorial interpretation. 

The existence of such a universal polynomial with integer coefficients 
follows directly from the work of Kerov. The positivity of the coefficients 
was proved by Feray [Fer07] but his combinatorial interpretation of the co- 
efficients was not very explicit. 

In this article will will also prove the following generalization of Theo- 
rem l 1.41 which gives an explicit combinatorial solution to Conjecture 1 1.51 

Theorem 1.6. Let k\,...,ki > 1 and let si, s 2 , . ■ . be a sequence of non- 
negative integers with only finitely many non-zero elements. The coefficient 
of R^R^ 3 ■ ■ ■ in the generalized Kerov polynomial Kk u ... t ki is equal to the 
number of triples (oi, a 2 , q) which fulfill the same conditions as in Theorem 
\1.4\ with the following modification: condition \(a)\ should be replaced by the 
following one: 

(a') (71,(72 G &(ki + ■ — h ki) are such that 

ci (72 = (1, 2, . . . , ki)(ki + 1, ki + 2, . . . , ki + k 2 ) ■ ■ ■ 

and the group (<Ti, <t 2 ) acts transitively on the set {1, . . . , k\ + ■ ■ ■ + 
k}. 

1.7. Idea of the proof: Stanley polynomials. The main idea of the proof 
of the main result (Theorem 11.41 and Theorem 11.61) is to use Stanley poly- 
nomials which are defined as follows. For two finite sequences of positive 
real numbers p = (p h . . . , p m ) and q = (q%, . . . , q m ) with q x > ■ - • > q m 
we consider a multirectangular generalized Young diagram p x q, cf Figure 
[3] In the case when pi, . . . , p m , qi, . . . ,q m are natural numbers p x q is a 
partition 

p x q = ( ft ,g v g2,-^-,g2 , • • • )• 

pi times p2 times 

If T : Y — > ]R is a sufficiently nice function on the set of generalized 
Young diagrams (in this article we use the class of, so called, polynomial 
functions) then jF(p x q) turns out to be a polynomial in indeterminates 
Pi, p 2 , . . . , qi, q2, ■ ■ ■ which will be called Stanley polynomial. The Stanley 
polynomial for the most interesting functions T, namely for the normalized 
characters S^, is provided by Stanley-Feray character formula (Theorem 
14.61) which was conjectured by Stanley [Sta06] and proved by Feray [Fer06], 
for a more elementary proof we refer to llFS07ft . 

In the past analysis of some special coefficients of Stanley polynomials 
resulted in partial results concerning Kerov polynomials RSta021 [Sta04L In 
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rS 



Figure 3. Generalized Young diagram pxq drawn in the 
French convention 

Theorem 14.21 we will show that, in fact, a large class coefficients of Stanley 
polynomials can be interpreted as coefficients 

d d 



dSkj_ dSk, 



■T 



5-2=53 = 



in the Taylor expansion of T into the basic functionals S 2 , S3, . . . of shape 
of a Young diagram. 

These basic functionals S 2 , S 3 , . . . of shape are not new; they already 
appeared (possibly with a slightly modified normalization) in the work of 
Ivanov and Olshanski HIO02H and implicitly in the work of Kerov [Ker98, 
IKer991lKer03l 

In this way we are able to express as an explicit polynomial in S 2 , S3, . . 
In Proposition 12.21 we will show how to express S 2 , S 3 , . . . in terms of free 
cumulants R 2 , R3, ■ ■ ■ ■ Finally, we use some identities fulfilled by Stan- 
ley polynomials (Lemma |4~3T) in order to express the coefficients of Kerov 
polynomials in a useful way. 

1.8. Combinatorial interpretation of condition |(e)j Let(oi, a%, q) be a 
triple which fulfills conditions |(a)|-|(d)| of Theorem 1 1 .41 We consider the 



following polyandrous interpretation of Hall marriage theorem. Each cycle 
of o\ will be called a boy and each cycle of a 2 will be called a girl. For 
each girl j G C(a 2 ) let q(j) — 1 be the desired number of husbands of j 
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(notice that condition |(c)| shows that the number of boys in C(g\) is right 
so that if no other restrictions were imposed it would be possible to arrange 
marriages in such a way that each boy is married to exactly one girl and 
each girl has the desired number of husbands). We say that a boy i G C{a\) 
is a possible candidate for a husband for a girl j G C(a 2 ) if cycles i and j 
intersect. Hall marriage theorem applied to our setup says that there exists 
an arrangement of marriages M. : C(o~i) — > C(a 2 ) which assigns to each 
boy his wife (so that each girl j has exactly q(j) — 1 husbands) if and only 
if for every set A C C(a 2 ) there are at least J2i^A — -0 c Y c l es °f °~i 
which intersect |J A. As one easily see, the above condition is similar but 
not identical to |(e) 



Proposition 1.7. Condition \(e)\ is equivalent to the following one: 

(e 2 ) for every nontrivial set of girls A C C(a 2 ) (i.e., A ^ and A ^ 
C(cr 2 ) ) there exist two ways of arranging marriages M. p : C(o"i) — > 
C(cr 2 ), p G {1, 2} for which the corresponding sets of husbands of 
wives from A are different: 

M- 1 \A)^M 2 \A). 



Proof. The implication |(e )| =^ |(e)|is immediate. 

For the opposite implication Hall marriage theorem shows existence of 
M-i. Let us select any boy i E Aii 1 (A) and let us declare that boy i is not 
allowed to marry any girl from the set A. Applying Hall marriage theorem 
for the second time shows existence of M. 2 with the required properties 
which finishes the proof of equivalence. □ 

For permutations o\,o 2 it is convenient to introduce a bipartite graph 
V' 71 '' 72 with the set of vertices C{<j\) U C(a 2 ) with edges connecting inter- 



secting cycles [FS07J. The elements of C(<7i), respectively C(a 2 ), will be 
referred to as white, respectively black, vertices. For a bipartite graph with 
a vertex set V we will denote by V, the set of black vertices. 

The following result gives a strong restriction on the form of the fac- 
torizations which contribute to Theorem 11.41 and we hope it will be useful 
in the future investigations of Kerov polynomials. Notice that this kind of 
result appears also in the work of Feray [Fe rOTTl . 

Proposition 1.8. Suppose that <J\,o 2 G &(k) are such that in the graph 
y<Ji,cr 2 th ere exists a disconnecting edge e with a property that each of the 
two connected components of the resulting truncated graph V 71 ^ 2 \ {e} 
contains at least one vertex from C(a 2 ). Then triple (<Ti, a 2 , q) never con- 
tributes to the quantities described in Theorem \1.4\ and Theorem |i.6] no 
matter how q and s 2 , s 3 , . . . are chosen. 
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Proof. Before starting the proof notice that the assumptions of Theorem 
II .41 and Theorem 1 1 .61 show that in order for (a 1 , a 2 , q) to contribute, graph 
yoi,<7 2 mus t be connected. 

Let i E C(cti), j E C(cr 2 ) be the endpoints of the edge e and let Vi, V 2 be 
the connected components of V CTl ' CT2 \ {e}; we may assume that i E V\ and 



j E V%. We are going to use the condition |(e 2 )| Let A, respectively B, be 
the set of girls, respectively boys, contained in V\. From the assumption it 
follows that V\ 7^ {i} therefore A ^ 0; on the other hand j E V 2 therefore 

A±C(p 2 ). 
If 

(4) \B\ - (<?(j) ~ 1) 

does not belong to the set {0, 1} then it is not possible to arrange the mar- 
riages. 

If © is equal to zero then any arrangement of marriages M. : C{p\) — > 
Civ?) must fulfill Ai^ 1 (A) = B; if © is equal to 1 then any arrangement 
of marriages M : C{a 1 ) -> C(a 2 ) must fulfill M^iA) = B\{i}. In both 
cases, the set of husbands of wives from A is uniquely determined therefore 



condition (e ) does not hold. □ 



1 .9. Transportation interpretation of condition [(e)} Let G be a bipartite 
graph and its set of black vertices be V,. For any set A C V, of black ver- 
tices we denote by Nq(A) the set of white vertices which have a neighbor 
in A. We can rephrase condition [(e)] by: 

(e 3 ) for any non-trivial subset A, \ iVVi^2 {A) \ > 1 + J2 ceA [q(c) — l] . 

Let a coloring q : V, — > {2, 3, . . . } of the black vertices of a bipartite 
graph G be given. We say that G is g-admissible if for every set A C V, of 
black vertices |JVa| > XlceA [^( c ) — l] and furthermore the equality holds 
if and only if V, is equal to the set of all black vertices in a union of some 
connected components of G. 

Notice that if G is connected then it is g-admissible if and only if it satis- 



fies condition (e ) 



Proposition 1.9. Condition^ejjis equivalent to the following one: 

( e A ) there exists a strictly positive solution to the following system of 
equations: 
Set of variables: 

{xij : white vertex i is connected to black vertex j} 

V ^ E,' X i,j = 1 



Equations: 



■>3 

v j> Ei^ij = q(J) - 1 
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More generally, graph G is q-admissible if and only if condition (e 4 ) is 
fulfilled. 

Before starting the proof note that the possibility of arranging marriages 



(see Section 11.81) can be rephrased as existence of a solution to the above 
system of equations with a requirement that x iy j E {0, 1}. 



The system of equations in condition |(e 4 )| can be interpreted as a trans- 
portation problem where each white vertex is interpreted as a factory which 
produces a unit of some ware and each black vertex j is interpreted as a 
consumer with a demand equal to q(j) — 1. The value of Xij is interpreted 
as amount of ware transported from factory i to the consumer j. 

Proof. Suppose that the above system has a positive solution. For any A C 
V, we have 

£(gtf)-i) = £ E E E ^<\n g (a)\. 

jeA jeA i: i&N G {A) jeA: 

is an edge (ij) is an edge 

Furthermore, if |AT G (A)| = J^jeA^U) ~~ -0 men me a bove inequality is an 
equality which means that for each i £ Ng(A) one has 

j£A: 
is an edge 

As x i,j — 1 an d x i,j > if is an edge, this implies that there is no 

j 

edge (i, j) with i e Ng(A) and j A. In this way we have proved that A is 
the set of black vertices of a union of some disjoint components, therefore 
G is g-admissible. 

The opposite implication is easy: we consider the mean of all solutions of 
the system with the condition x it j E {0, 1}. This gives us a strictly positive 
solution because the g-admissibility ensures that if we force some variable 
Xij to be equal to 1 we can find a solution to the system. □ 

1.10. Open problems. 

1.10.1. C -expansion. In analogy to CO) we define for k > 2 

24 1 
(5) ° l = k{k + l){k + 2) ™ ? " ^ +2) 

which (up to the unusual numerical factor in front) gives the leading terms 
of the deviation from the first-order approximation E£ +1 w R^ +2 - The 
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explicit form of C k 

2i2+3j 3 +-=fc 



as a polynomial in free cumulants R 2 , -R3, ■ . . was conjectured by Biane 



LBia03J and was proved by Sniady (SniQ6a|. Goulden and Rattan [GR07J 



proved that for each k > 1 there exists a universal polynomial L k called 
Goulden-Rattan polynomial with rational coefficients such that 

(6) Sfc — Rk+i = L k (C 2 , C3, . . . ) 

and they found an explicit but complicated formula for L k . A simpler proof 
and some more related results can be found in the work of Biane [Bi a07H . 

Conjecture 1.10 (Goulden and Rattan [GR07J). The coefficients of L k are 
non-negative rational numbers with relatively small denominators. 



It is natural to conjecture that the underlying reason for positivity of the 
coefficients is that they have (after some additional rescaling) a combinato- 
rial interpretation. 

In some sense the free cumulants (Rk) are analogous to the above quan- 
tities (Ck): both have natural interpretations as leading (respectively, sub- 
leading) terms in the asymptotics of characters, cf. ©, respectively ©. 
Also, Conjecture 11.11 is analogous to Conjecture 11.1 Ot both conjectures 
state that there are exact formulas which express the characters S fc (respec- 
tively, the subdominant terms of the characters T, k — R k +i) as polynomials 
in free cumulants (respectively, (C fc ) fc > 2 ) with non-negative integer coeffi- 
cients (respectively, non-negative rational coefficients with small denomi- 
nators) which have a combinatorial interpretation. 

The advantage of the quantities (Ck) over free cumulants (R k ) is that the 
Goulden-Rattan polynomials L k seem to have a simpler form than Kerov 
polynomials K k while the numerical evidence for Conjecture 11.101 sug- 
gests that their coefficients should have a rich and beautiful structure. Also, 
Kerov's conjecture (Conjecture ll.il) would be an immediate corollary from 
Conjecture 1 1 . 1 01 For these reasons we tend to believe that the quantities 
(Ck) are even better suitable for the asymptotic representation theory then 
the free cumulants (Rk) and Conjecture II . 101 deserves serious interest. 



1.10.2. IZ-expansion. Another interesting direction of research was pointed 
out by Lassalle HLas07H who presented quite explicit conjectures on the 
form of the coefficients of Kerov polynomials. 
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1.10.3. Arithmetic properties ofKerov polynomials. 
Proposition 1.11. Ifp is an odd prime number then - 



X P -R P+1 +2R 2 ^ 



i—Rp 
P 



are polynomials in free cumulants R 2 , R3, . . . with nonnegative integer co- 
efficients. 



consider the action of the group Z/pZ on the set of triples (01, o 2 , q) which 
contribute to Theorem II .41 defined by conjugation 



where c = (1, 2, . . . , k) is the cycle; we leave the details how to define q' as 
a simple exercise. All orbits of this action consist of p elements except for 
the fixpoints of this action which are of the form <j\ = c a , a 2 = c l ~ a . These 
fixpoints contribute to the monomial Rk+i (with multiplicity 1) and to the 
monomial R 2 (with multiplicity p — 2). 

In order to prove that the coefficients of — E are integer we express 
Rp as a linear combination of the conj ugacy c lasses T, n . A formula for such 
an expansion presented in the paper IISni06all involves summation over all 
partitions of the set {1, . . . ,p}. The group Z/pZ acts on such partitions; 
all orbits in this action consist of p elements except for the fixpoints of this 
action: the minimal partition (which gives £ p _i) and the maximal partition 
(which turns out not to contribute). We express all summands (except for 
the summand corresponding to as polynomials in free cumulants, 

which finishes the proof. □ 

The following conjecture was formulated by Swiatoslaw Gal (private 
communication) based on numerical calculations. 

Conjecture 1.12. If p is an odd prime number then and t, p+ 1 ~ r p+ 2+r 3 f s 
a polynomial in free cumulants R 2 , R3, . . . with nonnegative integer coeffi- 
cients. 

We hope that the above claims will shed some light on more precise 
structure of Kerov polynomials and on the form of C-expansion and 1Z- 
expansion described above; they suggest that (maybe up to some small error 
terms) S n — R n+ \ should in some sense be divisible by (n — l)n{n + 1) 
which supports the conjectures of Lassalle HLas07H . 

1.10.4. Discrete version of the functionals S 2 , S3, ... . One of the funda- 
mental ideas in this paper is the use of the fundamental functionals S 2 , S3, . . . 
of the shape of a Young diagram defined as integrals over the area of a 
Young diagram of the powers of the contents: 



Proof. In order to prove that the coefficients of 



P 



are integer we 



V>(i)(0-i,0- 2 ,g) = (cVic \cV 2 c \q') 



(7) 
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(we postpone the precise definition until Section |3^2|) . 

It would be interesting to investigate properties of analogous quantities 

(8) = {n-l) ^(contents n ) n - 2 

in which the integral over the Young diagram was replaced by a sum over its 
boxes. Notice that unlike the integrals CD) which are well-defined for gener- 
alized Young diagrams, the sum ([8]) makes sense only if A is a conventional 
Young diagram but since the resulting object is a polynomial function on 
the set of Young diagrams it can be extended to generalized Young dia- 
grams. This type of quantities have been investigated by Corteel, Goupil 
and Schaeffer HCGS04L 

The reason why we find the functional T n so interesting is that via non- 
commutative Fourier transform it corresponds to a central element of the 
symmetric group algebra C[©(/c)] given by the following very simple for- 
mula 

T n = (n - 1) X ?~ 2 > 

2<i<n 

where 

X t = (1, i) + (2, i) + • • • + (i - 1, i) e C[6(k)] 

are the Jucys-Murphy elements. 

The hidden underlying idea behind the current paper is the differential 
calculus on the (polynomial) functions on the set of generalized Young 
diagrams Y in which we study derivatives corresponding to infinitesimal 
changes of the shape of a Young diagram, as it can be seen in the proof of 
Theorem 14.21 It is possible to develop the formalism of such a differential 
calculus and to express the results of this paper in such a language instead of 
the language of Stanley polynomials (and, in fact, the initial version of this 
article was formulated in this way), nevertheless if the main goal is to prove 
the Kerov conjecture then this would lead to unnecessary complication of 
the paper. 

On the other hand, just like the usual differential and integral calculus has 
an interesting discrete difference and sum analogue, the above described 
differential calculus on generalized Young diagrams has a discrete differ- 
ence analogue in which we study the change of the function on the set 
of Young diagrams corresponding to addition or removal of a single box. 
We expect that just like functionals (S n ) are so useful in the framework of 
differential calculus on the set of generalized Young diagrams, functionals 
(T n ) will be useful in the framework of the difference calculus on Young 
diagrams. 
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It would be very interesting to develop such a difference calculus and to 
verify if free cumulants (R n ) have some interesting discrete version which 
nicely fits into this setup. 

1.10.5. Characterization of Stanley polynomials. Lemma l4~5l contains some 
identities fulfilled by Stanley polynomials. It would be interesting to find 
some more such identities. In particular we state the following problem 
here. 

Problem 1.13. Find ( minimal set of) conditions which fully characterize the 
class of Stanley polynomials JF(p x q) where T is a polynomial function 
on the set of Young diagrams. 

It seems plausible that the answer for this problem is best formulated in 
the language of the differential calculus of function on the set of generalized 
Young diagrams about which we mentioned in Section [T. 10.41 

1 .10.6. Various open problems. Is there some analogue of Kerov character 
polynomials for the representation theory of semisimple Lie groups, in par- 
ticular for the unitary groups U (d)? Does existence of Kerov polynomials 
for characters of symmetric groups &(n) tell us someting (for example via 
Schur-Weyl duality) about representations of the unitary groups U(d)7 Is 
there some analogue of Kerov character polynomials in the random matrix 
theory? Is it possible to study Kerov polynomials in such a scaling that 
phenomena of universality of random matrices occur? 

1.11. Exotic interpretations of Kerov polynomials. Theorem 11.41 gives 
some interpretation of the coefficients of Kerov polynomials but clearly it 
does not mean that there are no other interpretations. 

1.11.1. Biane's decomposition. The original conjecture of Biane [Bia03J 
suggested that the coefficients of Kerov polynomials are equal to multiplic- 
ities in some unspecified decomposition of the Cayley graph of the sym- 
metric group into a signed sum of non-crossing partitions. This result was 
proved by Feray [Fer07] but the details of his construction were quite im- 
plicit. In Section[8]we shall revisit the conjecture of Biane in the light of our 
new combinatorial interpretation of Kerov polynomials. Unfortunately, our 
understanding of this interpretation of the coefficients of Kerov polynomials 
is still not satisfactory and remains as an open problem. 

1.11.2. Multirectangular random matrices. For a given Young diagram A 
we consider a Gaussian random matrix (A^) with the shape of A. Formally 
speaking, the entries of (Afj) are independent with Afj = if box does 
not belong to A; otherwise ^A^ are independent Gaussian random 
variables with mean zero and variance |. One can think that either (Afj) is 
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an infinite matrix or it is a square (or rectangular) matrix of sufficiently big 
size. 

Theorem 1.14. Kerov polynomials express the moments of the random ma- 
trix A x in terms of the genus-zero terms in the genus expansion ( up to the 
sign). More precisely, 

E [Tr (A\A x y) n ] = K n (-R 2 , R 3 , -R 4 , R 5 ,...), 

where Ri is defined as the genus zero term in the expansion for 

E Tr (A A (A A )' A ~' 

or, precisely speaking, 



Ri = lim -E 



Tr (A sX (A sX y 



i-1 



This is an immediate consequence of the results from [FS07 J. 



1.11.3. Dimensions of(co)homologies. In analogy to Kazhdan-Lusztig poly- 
nomials it is tempting to ask if the coefficients of Kerov polynomials might 
have a topological interpretation, for example as dimensions of (co)homo- 
logies of some interesting geometric objects, maybe related to Schubert 
varieties, as suggested by Biane (private communication). This would be 
supported by the Biane's decomposition from Section [T . 1 1 . 1 1 which maybe 
is related to Bruhat order and Schubert cells. In this context it is interesting 
to ask if the conditions from Theorem 11.41 can be interpreted as geometric 
conditions on intersections of some geometric objects. Another approach 
towards establishing link betwen Kerov polynomials and Schubert calculus 
would be to relate Kerov polynomials and Schur symmetric polynomials. 

1.11.4. Schur polynomials. Each Schur polynomial can be written as quo- 
tient of two determinants. Exactly the same quotient of determinants ap- 
pears in the Harish-Chandra-Itzykson-Zuber integral 

e AUBU *dU 

>U(d) 

if A and B are hermitian matrices with suitably chosen eigenvalues (say 
(xi) for A and (log Aj) for B). 

It would be interesting to verify if Kerov polynomials can be used to ex- 
press the exact values of Schur polynomials by some limit value of Harish- 
Chandra-Itzykson-Zuber integral when the size of the matrix tends to infin- 
ity and each variable X{ occurs with a multiplicity which tends to infinity; 
also the shape of the Young diagram A should tend to infinity, probably in 
the "balanced Young diagram" way. 
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1.11.5. Analytic maps. We conjecture that Kerov polynomials are related 
to moduli space of analytic maps on Riemann surfaces or ramified coverings 
of a sphere. 

1.11.6. Integrable hierarchy. Jonathan Novak (private communication) con- 
jectured that Kerov polynomials might be algebraic solutions to some inte- 
grable hierarchy (maybe Toda?) and their coefficients are related to the tau 
function of the hierarchy. 

1.12. Applications of the main result. 

1.12.1. Positivity conjectures and precise information on Kerov polynomi- 
als. The advantage of the approach to characters of symmetric groups pre- 
sented in this article over some other methods is that the formula for the 
coefficients given by Theorem 11.41 does not involve summation of terms 
of positive and negative sign unlike most formulas for characters such as 
Murnaghan-Nakayama rule or Stanley-Feray formula (Theorem 14.61) . In 
this way we avoid dealing with complicated cancellations. For this reason 
the main result of the current paper seems to be a perfect tool for proving 
stronger results, such as the Conj ecture 1 1 . 1 01 of Goulden and Rattan or the 
conjectures of Lassalle [La s07L 

1 . 12.2. Genus expansion. One of the important methods in the random ma- 
trix theory and in the representation theory is to express the quantity we 
are interested in (for example: moment of a random matrix or character 
of a representation) as a sum indexed by some combinatorial objects (for 
example: partitions of an ordered set or maps) to which one can associate 
canonically a two-dimensional surface HLZ04H . Usually the asymptotic con- 
tribution of such a summand depends on the topology of the surface with 
planar objects being asymptotically dominant. This method is called genus 
expansion since exponent describing the rate of decay of a given term usu- 
ally linearly depends on the genus. 

The main result of this article fits perfectly into this philosophy since 
to any pair of permutations <j\, a 2 which contributes to Theorem 11.41 or 
Theorem |1.6| we may associate a canonical graph on a surface, called a map. 
It is not difficult to show that also in this situation the degree of the terms 
R^R^ 3 ■ ■ ■ to which such a pair of permutations contributes decreases as 
the genus increases. 

It is natural therefore to ask about the structure of factorizations o\ o a 2 = 
(1, 2, . . . , k) with a prescribed genus. As we already pointed out in Proposi- 
tion [L8l condition |(e)| of Theorem [L4l gives strong limitations on the shape 



of the resulting bipartite graph V cri ' 72 which translate to limitations on the 
shape of the corresponding map. Very analogous situation was analyzed in 
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the paper IISni06al where it was proved that by combining a restriction on 
the genus and a condition analogous to the one from Proposition 1 1 . 81 ( "ev- 
ercrossing partitions ") one gets only a finite number of allowed patterns for 
the geometric object concerned. 

Similar analysis should be possible for the formulas for Kerov polynomi- 
als presented in the current paper which should shed some light on Conjee - 
ture ll.lOl of Goulden and Rattan and the conjectures of Lassalle HLas07H . 

1.12.3. Upper bounds on characters. It seems plausible that the main re- 
sult of this article, Theorem l 1.41 and Theorem |1.6[ can be used to prove new 
upper bounds on the characters of symmetric groups 

X/ v Trp A (7r) 

(9) x A M 



dimension of p x 

for balanced Young diagram A in the scaling when the length of the permu- 
tation 7r is large compared to the number of boxes of A. 

The advantage of such approach to estimates on characters over other 
metho ds, such as via Frobenius formul a as in the work of Rattan and Sniady 



[RS08] or via Stanley-Feray formula I1FS07I , becomes particularly visible 
in the case when the shape of the Young diagram becomes close to the limit 
curve for the Plancherel measure HLS771 IVK77I for which all free cumu- 
lants (except for R 2 ) are close to zero. Indeed, for A in the neighborhood 
of this limit curve one should expect much tighter bounds on the characters 
© because such Young diagrams maximize the dimension of the represen- 
tation which is the denominator of the fraction, while the numerator can 
be estimated by Murnaghan-Nakayama rule and some combinatorial tricks 
HRoi96H . 

1.13. Overview of the paper. In Section[2] we recall some basic facts about 
free cumulants R\, R 2 , ■ ■ ■ and quantities Si, S 2 , ■ ■ ■ for probability mea- 
sures on the real line and their relations with each other. The main result of 
this section is formula (fl4l) which allows to express functionals Si, S 2 , . . . 
in terms of free cumulants R%, R 2 , 

In Section [3] we define the fundamental functionals S 2 , S3, . . . for gener- 
alized Young diagrams and study their geometric interpretation. 

In Section |4] we study Stanley polynomials and their relations to the fun- 
damental functionals 5*2, 5*3, . . . of shape of a Young diagram. 

Section [5] is devoted to a toy example: we shall prove Theorem 11.41 in 
the simplest non-trivial case of coefficients of the quadratic terms, which is 
exactly the case in Theorem 1 1.31 In this way the Reader can see all essen- 
tial steps of the proof in a simplified situation when it is possible to avoid 
technical difficulties. 

In Section[6]we prove some auxiliary combinatorial results. 
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In Section [7J we present the proof of the main result: Theorem 11.41 and 
Theorem 1 1.61 

Finally, in Section [8] we revisit the paper [Fer07J and we show how 
rather implicit constructions of Feray become much more concrete once 
one knows the formulation of the main result of the current paper, Theorem 
1 1 .4-1 In fact, Section [8] provides an alternative proof of Theorem 1 1 .41 based 
on the results of Feray. 



2. FUNCTIONALS OF MEASURES 

In this section we present relations between moments Mi, M 2 , ... of a 
given probability measure, its free cumulants Ri,R 2 ,... and its function- 
al Si, S 2 , The only result of this section which will be used in the 

remaining part of the article is equality (fT4l) . nevertheless we find function- 
als Si, S2, ■ ■ ■ so important that we collected in this section also some other 
formulas involving them. 

Assume that v is a compactly supported measure on R. For integer n > 
we consider moments of v 



M v n = I z n du(z) 

and its Cauchy transform 



n>0 



z — X ' ' — ' z x ' rn 



the integral and the series make sense in a neighborhood of infinity. 

From the following on we assume that v is a compactly supported prob- 
ability measure on R. We define a sequence (5^) n >i of the coefficients of 
the expansion 

S»(z) = \ogzG%z) = J2 S ' 



z" 

n>l 



in a neighborhood of infinity and a sequence (i?^)„>i of free cumulants as 
the coefficients of the expansion 

(10) R"(z) = (G V ) { ~ 1} (z)-- = J2 Kz"' 1 

Z n>\ 

in a neighborhood of 0, where (G"/ -1 ^ is the right inverse of G v with re- 
spect to the composition of functions [Voi86J. When it does not lead to 
confusions we shall omit the superscript in the expressions M%, G u , S u , 

jyu cv T>v 
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The relation between the moments and the free cumulants is given by 
the following combinatorial formula which, in fact, can be regarded as an 
alternative definition of free cumulants [Spe98]: 

(11) M n = R n, 

neNCn 

where the summation is carried over all non-crossing partitions of n-element 
set and where R n is defined as the multiplicative extension of (lib): 

Rn = Y\_ -^H> 
feen 

where the product is taken over all blocks b of the partition n and |6| denotes 
the number of the elements in b [Spe98j. 

Information about the measure v can be described in various ways; in this 
article descriptions in terms of the sequences (S n ) and (Rn) play eminent 
role and we need to be able to relate each of these sequences to the other. 
We shall do it in the following. 



Lemma 2.1. For any integer k > 1 
dG(R u R 2 ,...) f . 



dR k 



G k -\z)G'(z), 



where both sides of the above equality are regarded as formal power series 
in powers of - with the coefficients being polynomials in R%, R2, 



Proof. Equation (flOl) is equivalent to 
(12) G (r(z) + - z 

We denote 

t = R(z) + -. 

z 

Let us keep all free cumulants fixed except for R k , we shall treat G as a 
function of free cumulants. By taking the derivatives of both sides of (fl2)) 
it follows that 



9 



(t) + G'(t)z k - 1 = i^-(t) + G'(t) ■ G k -\t) 



dRk dRk 
which finishes the proof. □ 



22 MACIEJ DOLEGA, VALENTIN FERAY, AND PIOTR SNIADY 

Proposition 2.2. are related to each other by equalities For any integer 
n > 1 

(13) M n = Y J \( n )i-i J2 R ki---Rh> 

1>1 ' fei,...,fe;>l 
fciH \-ki=n 

1>1 ' ki,,.,,ki>l 
feiH \-ki =n 

(15) R n = Y,\(-n + l) 1 - 1 S ki---S, 

1>1 ' ki,...,ki>l 
fciH \-ki=n 



where 



(a)b = a(a — 1) • • • (a — b + 1) 



b factors 

denotes the falling factorial. 



Proof. Lemma |2J] shows that 

a 2 G(fli,fl 2 ,...) 

therefore if k + 1 — k' + 1' then 

d 2 M n {R 1} R 2 , . . . ) _ d 2 M n (R u R 2 ,...) 

dR k dRi dR k , dR v 
It follows by induction that 

d l M n (R u R 2j ...) _ d l M n (R 1 ,R 2 ,...) 



dR kl ■ ■ ■ dR h (dRi) l - 1 dR kl+ ... +h - { i- 1) ' 

From the moment-cumulant formula (fTTI) it follows that for Ri = R 2 = 
• • ■ = the right-hand side of the above equation is equal to the number of 
non-crossing partitions with an ordering of blocks, such that the numbers 
of elements in consecutive blocks are as follows: 

l,...,l,k 1 + --- + k l - (I- 1). 

I— 1 times 

Such non-crossing partitions have a particularly simple structure therefore 

it is very easy to find their cardinality. Therefore 

(16) 



d l M n (R u R 2 , 



(dR 1 ) l - 1 dR kl+ ... +kl ^ 



i) 



Ri=R 2 -- 



(n)i_i ifn = fcH V k u 

otherwise, 



which finishes the proof of CE 
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Lemma |2T1 shows that for k > 2 

^(iJ^v.j 91og [zG{z 



_ G k-2 Ql 



dR k 



dG(Ri, R 2 , ■ ■ ■ 



therefore 



dRk dRk~i 
dS n (R u R 2 ,...) dM n _ 1 (R 1 ,R 2 ,...) 



dR k 

Assume that h > 2; then 



dRk -1 



d l S n (R 1 ,R 2 ,...) d l M n _ 1 (R 1 ,R 2 ,... 



dRk x ■ ■ ■ dRk t dR kl ■ ■ ■ dRk t -i 

which is calculated in Eq. (fT6l) . In this way we proved that if (kx, 
(1, 1, ■ ■ • , 1) then 



d S n (Ri, R 2 , 



dRk, ■ ■ ■ dRi 



(n — if n — k\ + • • • + ki 

otherwise. 



R 1= R 2 =...=0 

In order to prove the case k\ — ■ • ■ — k\ — 1 it is enough to consider the 
Dirac point measure v = 5 a for which G(z) = Ri = a, R 2 = R 3 = 
■ ■ ■ = and S(z) = - log (l - f ), S n = ^. In this way the proof of COD) 
is finished. 

Lagrange inversion formula shows that 



R 



ra+l 



1 

n 



1 



G(z) 



1 

n 



yn+l 



exp[— nS(z)} 



1>1 



fel,...,fe;>l 
fciH \-ki=n+l 



which finishes the proof of (1151) . 



□ 



3. GENERALIZED YOUNG DIAGRAMS 



The main result of this section is the formula (flTT) which relates the funda- 
mental functionals S 2 ,S S ,... to the geometric shape of the Young diagram. 
In the following we base on the notations introduced in Section [TTT1 

3.1. Measure on a diagram and contents of a box. Notice that each unit 
box of a Young diagram drawn in the French convention becomes in the 
Russian notation a square of side y/2. For this reason, when drawing a 
Young diagram according to the French convention we will use the plane 
equipped with the usual measure (i.e. the area of a unit square is equal to 
1) and when drawing a Young diagram according to the Russian notation 
we will use the plane equipped with the usual measure divided by 2 (i.e. 
the area of a unit square is equal to |). In this way a (generalized) Young 
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diagram has the same area when drawn in the French and in the Russian 
convention. 

Speaking very informally, the setup of generalized Young diagrams cor- 
responds to looking at a Young diagram from very far away so that indi- 
vidual boxes become very small. Therefore by the term box of a Young 
diagram A we will understand simply any point □ which belongs to A. In 
the case of the Russian convention this means that □ = (x, y) fulfills 

\x\ < y < X(x). 

We define the contents of the box □ = (x, y) in the Russian convention by 

contentsn = x. 

In the case of the French convention □ = (x, y) belongs to a diagram A 

if 

x > and < y < X(x) 
and the contents of the box □ = (x, y) is defined by contentsn = x — y. 

3.2. Functionals of Young diagrams. The above definitions of the mea- 
sure on the plane and of the contents in the case of French and Russian con- 
ventions are compatible with each other, therefore it is possible to define 
some quantities in a convention-independent way. In particular, we define 
the fundamental functionals of shape of a generalized Young diagram 

(17) = (n - 1) II (contentsn)"" 2 dD 

J JOex 

for integer n > 2. Clearly, each functional S n is a homogeneous function 
of the Young diagram with degree n. 

Let a generalized Young diagram A : R — > M + drawn in the Russian 
convention be fixed. We associate to it a function 

r*(x) = A ^ - ^ 



2 

which gives the distribution of the contents of the boxes of A. When it does 
not lead to confusions we will write for simplicity r instead of t a . In the 
following we shall view r as a measure on R. Its Cauchy transform can be 
written as 

1 



G T (z) =11 
J J a 



-dD. 



'□eA z ~ contentsn 
With these notations we have that 

= (n - 1) J x n ~ 2 dr(x) = - J x^ 1 dr'(x) 

axe (rescaled) moments of the measure r or, alternatively, (shifted) moments 
of the Schwartz distribution — r'. 
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where the second equality follows by expanding right-hand side into a power 
series and (flTT) . It follows that 



in particular S x (z) coincides with the Cauchy transform of a Schwartz 
distribution — r'. The above formulas show that S x (z) and S x (z) coin- 
cide (up to small modifications) with the quantities considered by Kerov 
HKer991lKer03ll . Ivanov and Olshanski lHO02ll . 

3.3. Kerov transition measure. The corresponding Cauchy transform 



is a Cauchy transform of a probability measure /i A on the real line, called 
Kerov transition measure of A [Ker99, Ker03J. Probably it would be more 
correct to write G^ A instead of G x and to write instead of S x , but this 
would lead to unnecessary complexity of the notation. 

One of the reasons why Kerov's transition measure was so successful 
in the asymptotic representation theory of symmetric groups is that it can 
be defined in several equivalent ways, related either to the shape of A or to 
representation theory or to moments of Jucys-Murphy elements or to certain 
matrices. For a review of these approaches we refer to [Bia98|. 

3.4. Free cumulants of a Young diagram. In order to keep the introduc- 
tion as non-technical as possible, we introduced free cumulants of a Young 
diagram by the formula (UJ). The conventional way of defining them is to use 
(flOl) for the Cauchy transform given by (TT8T ). Therefore, one should make 
sure that these two definitions are equivalent. This can be done thanks to 
Frobenius formula 



We define 





(18) 



G x {z) = -expS x {z) 



x _ 
fc-i _ 



i rn i 



k-1 [z\ G x {z- l)G x (z-2)---G x (z- (k- 1)) 



which shows that 




i rn i 



k — l [z\ G x (z-±)G x (z-l)--- G x (z 



8 J 
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therefore definition © would give 

fc-i 



k 



which coincides with the value given by the Lagrange inversion formula 
applied to (|T0T> . 

3.5. Polynomial functions on the set of Young diagrams. For simplicity 
we shall often drop the explicit dependence of the functionals of Young 
diagrams from A. Since the transition measure /i A is always centered it 
follows that Mi = #1 = Si = 0. 

Existence of Kerov polynomials allows us define formally the normalized 
characters E A even if A is a generalized Young diagram. 

We will say that a function on the set of generalized Young diagrams Y 
is a polynomial function if one of the following equivalent conditions hold 
IUO021I : 

• it is a polynomial in M 2 , M 3 , . . . ; 

• it is a polynomial in 5*2, 5*3, ... ; 

• it is a polynomial in R2, R3, ■ ■ ■ ', 

• it is a polynomial in (T,^)^. 

4. Stanley polynomials and Stanley-Feray character 

FORMULA 

4.1. Stanley polynomials. 

Proposition 4.1. Let T : Y — > R be a polynomial function on the set of gen- 
eralized Young diagrams. Then (p, q) \—> jF(p x q) for p — (pi, . . . ,p m ), 
q = (qi, . . . , q m ) is a polynomial in indeterminates pi, . . . , p m , qi, . . . , q m , 
called Stanley polynomial. 

Proof. It is enough to prove this proposition for some family of generators 
of the algebra of polynomial functions on Y for example for functionals 
S2, S3, ... . We leave it as an exercise. □ 

Theorem 4.2. Let T : Y — > R be a polynomial function on the set of 
generalized Young diagrams, we shall view it as a polynomial in S%, S3, . . . 
Then for any hi, . . . , ki > 2 



(19) J. d -T 

dSfa dSk t 



^M^-Mf'l^pxq). 

s 2 =s 3 =...=o 



Proof. Let p = (p 1; . . . ,p m ), q = (q u q m ). For a given index i we 
consider a trajectory in the set of generalized Young diagrams qi 1— > (p x q), 
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where all other parameters (pj) and (qj)j^i are treated as constants. In the 
Russian convention we have 



|-(P x qj J [x) 



2 ifg^-pi y i <x<q i -y 1 

otherwise, 



which shows the change of the contents distribution. From (1171) it follows 
therefore 



d 

t 

and 



Qi-Pl P-l 

£r q = / (n-l)x n - 2 dx 

oqi 



m-pi- 



f) fQi-Pl P-l fjf 

—HP xq) = £ ^ (n - l)x^ dx. 



n^^H-P 1 Pi 

By iterating the above argument we show that 

ni,...,n;>2 1 
9i rm-pi Pi-i 

"1-2 t . . . / / _ i\ n,-2 



(^1 — l)^™ 1 da;i ■ ■ • / {ni — <ix;. 

<?i-pi Jqi-pi pi 

We shall treat both sides of the above equality as polynomials in p and 
we will treat q as constants. We are going to compute the coefficient of 
Pi • • -Pm of both sides; we do this by computing the dominant term of the 
right-hand side in the limit p — > 0. It follows that 

[pi • ■■Pm]^- — ^-^(p X q) = 

dqi dqi 



d d ^ ^ ^ 

\ dS n , dS n , 



X 

Pi="-=Pf=0 

ni— 2 / 1 \ ni — 2 



which finishes the proof. □ 
Corollary 4.3. Ifki,...,ki>2 then 

[pigi fcl " 1 ---rf _1 ]^(pxq) 

Joes nof depend on the order of the elements of the sequence (&!,..., /cj). 
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4.2. Identities fulfilled by coefficients of Stanley polynomials. The co- 
efficients of Stanley polynomials of the form [piq^ 1 ■ ■ •p/gf !-1 ]^ r (p x q) 
with qi,...,q kl > 2 have a relatively simple structure, as it can be seen for 
example in Corollary 14.31 In the following we will study the properties of 
such coefficients if some of the numbers q\ , . . . , are equal to 1 . 

Let T : Y — > R be a fixed polynomial function. For a sequence (ai, &i), . . . , (a m , b m ) 
of ordered pairs, where Cb\ , . . . , CL m > 2 and bx,...,b m > 1 are integers we 
define an auxiliary quantity 



^(01,61)..., (a m ,6 m ) 



(n(-l)^ 1 ^ - [Pitt 1 ' 1 ■ ■ ■Pmq^Hv x q), 

which thanks to Corollary 14 . 3 1 does not depend on the order of the elements 
in the tuple (a u 61), ... , (o m , b m ). 



Corollary 4.4. For any polynomial function T on the set of generalized 
Young diagrams and k\, . . . , hi > 2 



d d r 

-T 



E (-i) Hn| of- 



r 2 =r 3 =-=o neP(i,2,...,i) 



where the sum runs over all partitions of{l, . . . , I}. 

Proof. It is enough to use Theorem 14 .21 and Equation (fl4)) . □ 

Lemma 4.5. For any polynomial function T : Y — > K an J any sequence of 
integers k%, . . . , k m > 1 

[rf- 1 • • ■p m qt~ 1 ]Hp xq) = E Qfte^^w)^:)' 

n 

where the sum runs over all partitions IT 0/ the set {1, . . . , m} with a 
property that if (ai, . . . , ai) wiYn ai < • • • < ai is a block of II ?nen 
fc ai = • • ■ = fc a! _ 1 = 1 and A; a; > 2 or, in of/zer woraX the set of right- 
most legs of the blocks of II coincides with the set of indices i such that 
h > 2. 

Proof. We shall treat jF(p x q) as a polynomial in p and we shall treat 
q as constants. Our goal is to understand the coefficient [pi ■ ■ ■pm]J-'(p x 
q). Since T is a polynomial in S 2 , S 3 , . . . we are also going to investigate 
analogous coefficients for T = S n . 
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For the purpose of the following calculation we shall use the French no- 
tation. 

n-2 



S n (\) = (n - 1) / / (contentsn)"- 2 dO 



[n 

Kr<n-1 



n—l—r ii r ~^ 



Since the integral 



x n-l-r y r_1 

dx dy 



>(x,y)e\ {n-l-r)\ (r- 1)! 
can be interpreted as the volume of the set 

{(xi, . . .,x n - r ,yi, . . .,y r ) : < x x < ■■ ■ < x n ^ r and 

< y x < ■ ■ ■ < y r and (i„_ n y r ) E A} 

therefore for any i\ < ■ • ■ < i r 

(20) \p h ■ ■ - PiT ]S n { V x q) = (-1)- 1 (n - l) r _x 

We express as a polynomial in S 2 , 5" 3 , Notice that the monomial 

Pi . . .p m can arise in jF(p x q) only in the following way: we cluster the 
factors pi ■ ■ ■ p m in all possible ways or, in other words, we consider all par- 
titions II of the set {1, ... , m}. Each block of such a partition corresponds 
to one factor S n for some value of n. Thanks to Equation (1201) we can com- 
pare the factors q± , . . . , q m which appear with a non-zero exponent and see 
that only partitions II which contribute are as prescribed in the formulation 
of the lemma; furthermore we can find the correct value of n for each block 
ofll. 

Equation (TT9b finishes the proof. □ 

4.3. Stanley-Feray character formula. The following result was conjec- 
tured by Stanley [Sta06] and proved by Feray [Fer06 | and therefore we refer 
to it as Stanley-Feray character formula. For a more elementary proof we 
refer to [|FS07t . 

Theorem 4.6. The value of the normalized character on ir 6 &(n) for a 
multirectangular Young diagram pxq for p = (pi, . . . ,p r ), q = (<7i, • ■ • , q r ) 
is given by 
(21) 



<Tl,tr 2 e6(n) ^ 2 :C(cr 2 )^{l,...,r} 

(T\OCF2 — 7T 



n 9*1(6) n pmc) 

6eC(<n) cec(<r 2 ) 
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where <pi : C(eri) — > {1, . . . , r} is defined by 

4>i (c) = max 4>2(b)- 

beC(a 2 ), 
b and c intersect 

Interestingly, the above theorem shows that some partial information 
about the family of graphs (V f71 ' cr2 ) CTli(T2 can be extracted from the coeffi- 
cients of Stanley polynomial £P xq . This observation will be essential for 
the proof of the main result. 

The following result is a simple corollary from Theorem 14.61 and it was 
proved by Feray [FerOTTl. 

Theorem 4.7. For any integers k% , . . . , ki > 1 the value of the cumulant 
K ld (S fcl , . . . , ) evaluated at the Young diagram pxqis given by 



Am 



E E < 

o-l,cr 2 6©(n) cj> 2 :C(o- 2 )->{l,...,r} 

(TlO(T2=7r 

((T,7r) transitive 



n 1Mb) n p^(c) 

beC( CT i) cec(cr 2 ) 



where n = ki + ■ ■ • + ki and tt is a fixed permutation with the cycle structure 
k\, . . . , ki,for example ir — (1, 2, . . . , ki)(ki + 1, k\ + 2, . . . , ki + A^) • • •, 
and where <fti is as in Theorem \1.4\ 

5. Toy example: Quadratic terms of Kerov polynomials 

We are on the way towards the proof of Theorem 11.41 which, unfortu- 
nately, is a bit technically involved. Before dealing with the complexity 
of the general case we shall present in this section a proof of Theorem II .31 
which concerns a simplified situation in which we are interested in quadratic 
terms of Kerov polynomials. This case is sufficiently complex to show the 
essential elements of the complete proof of Theorem 1 1 .4| but simple enough 
not to overwhelm the Reader with unnecessary difficulties. 

We shall prove Theorem 1 1.3 1 in the following equivalent form: 

Theorem 5.1. For all integers li, I2 > 2 and k > 1 the derivative 

d 2 



R2=R 3 ~- 



dR^dRiz 

is equal to the number of triples (di, <t 2 , q) with the following properties: 

(a) Ox, (T2 is a factorization of the cycle; in other words o\,o% E &(k) 
are such that a\ o a% — (1, 2, . . . , k); 

(b) cr 2 consists of two cycles and o\ consists ofl\ + l 2 — 2 cycles; 

(c) £ : C(a2) — > {1, 2} a bijective labeling of the two cycles ofa 2 ; 
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(d) for each cycle c G C(a 2 ) there are at least l^ c ) cycles of ' o\ which 
intersect nontrivially c. 

Proof. Equation (fl4)) shows that for any polynomial function T on the set 
of generalized Young diagrams 

d 2 p d 2 ^ + +l d ^ 

dR^dR^ dS^dSiz ' dSi 1+ i 2 

where all derivatives are taken at R 2 = R3 = • • • = S 2 = S s = • ■ ■ = 0. 
Theorem 14.21 show s that the right-hand side is equal to 

[pWr 1 ^ 2-1 ] ^(P x q) + (h [Pi^ 1+ ' 2_1 ] -^(P x q). 

Lemma |4~31 applied to the second summand shows therefore that 

(22) — — T = [^g^^^l^pxqj-W^-T^pxq). 

In fact, the above equality is a direct application of Corollary 14.41 never- 
theless for pedagogical reasons we decided to present the above expanded 
derivation. In the following we shall use the above identity for T = E fc . 

On the other hand, let us compute the number of the triples (<7]_, a 2 , t) 
which contribute to the quantity presented in Theorem 15.11 By inclusion- 
exclusion principle it is equal to 



(23) (number of triples which fulfill conditions |(a)f|(c)|) + 
(—1) (number of triples for which the cycle 

intersects at most h — 1 cycles of 01) + 
(—1) (number of triples for which the cycle £ _1 (2) 

intersects at most l 2 — 1 cycles of <7i). 

At first sight it might seem that the above formula is not complete since we 
should also add the number of triples for which the cycle intersects at 

most Zi — 1 cycles of o x and the cycle £~ 1 (2) intersects at most l 2 — 1 cycles 
of oi, however this situation is not possible since o\ consists of l\ + l 2 — 2 
cycles and (01, a 2 ) acts transitively. 

By Stanley-Feray character formula (|2TI) the first summand of (|23l) is 
equal to 



(24) (-1) Yl [viV2q\q{]?> 



pxq 

k ' 



i+j=h+h-2, 
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the second summand of (l23l) is equal to 

(25) Yl &w?a] s r q > 

i+j=h+h-2, 
l<i<Ji-l 



and the third summand of (1231) is equal to 

(26) Yl [p^<A4 s r q 

i+j=h+h-2, 
l<j<h-l 

We can apply Corollary 14.3 1 to the summands of (1251) : it follows that ([25 
is equal to 

(27) 



pxq 

k 



l<i<h-l 



It remains now to count how many times a pair (i, j) contributes to the 
sum of (124)) . (|25l) . (1271) . It is not difficult to see that the only pairs which 
contribute are (0, h + h — 2) and (/i — 1, / 2 — 1), therefore the number of 
triples described in the formulation of the Theorem is equal to the right- 
hand of ((221) which finishes the proof. □ 

6. Combinatorial lemmas 

Our strategy of proving the main result of this paper will be to start with 
the number of factorizations described in Theorem 11.41 and to interpret it 
as certain linear combination of coefficients of Stanley polynomials for 
The first step in this direction is promising: Stanley-Feray character for- 
mula (Theorem 14.61 ) shows that indeed Stanley polynomial for E fc encodes 
certain information about the geometry of the bipartite graphs V CTl cr2 for all 



factorizations. Unfortunately, condition [(e)] is quite complicated and at first 
sight it is not clear how to extract the information about the factorizations 
fulfilling it from the coefficients of Stanley polynomials. 

In this section we will prove three combinatorial lemmas: Corollary 16 .2[ 
Corollary 16.41 and Corollary 16 . 5 1 which solve this difficulty. 

6.1. Euler characteristic. Let X be a family of some subsets of a given 
finite set X. We define 



Cl,...,C;GX 

where the sum runs over all non-empty chains C = (C\ ^ • • • ^ Cj) 
contained in X. In such a situation we will also say that C is /-chain and 
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|C| = I. Notice that family J gives rise to a simplicial complex /C with/ — 1- 
simplices corresponding to /-chains contained in X and the above quantity 
x(2T) is just the Euler characteristic of /C. 

The following lemma shows that under certain assumptions this Euler 
characteristic is equal to 1; we leave it as an exercise to adapt the proof 
to show a stronger statement that under the same assumptions /C is in fact 
contractible (we will not use this stronger result in this article). 

Lemma 6.1. Let X be a non-empty family with a property that 

(28) Ad B el or AUB eX holds for all A,B el. 
Then 

X(Z) = 1- 

Proof. Let X = {x±, ...,#„}. We define 

X k = {Au{x 1 ,...,x k }:Ael}. 

Clearly X = X and X n = {X} therefore x(Z„) = 1. It remains to prove 
that x(Zfc-i) = x(Zfc) holds for all 1 < k < n and we shall do it in the 
following. 

Let us fix k. For an /-chain C = (C 1 £ • • • £ C{) contained in X k _ x we 
define 

t fc (C) = (d U {x fc } C • • • C C, U {x fc }) 

which is a chain contained in X k . Notice that L k (C) is either an / — 1-chain (if 
Cj+i = Ci U {x k } for some i) or /-chain (otherwise). With these notations 
we have 

x^-o = e (- 1 ) |chl = 

C: non-empty chain in 1k-\ 

E E (-i) |c|_1 . 

D : non-empty chain in Xj; C : non-empty chain in _ i , 

i fc (C)=D 

In order to prove x(Jfc-i) = x(Zfe) it is enough now to show that for any 
non-empty chain D — (D± £ • • • £ D{) contained in X k 

(29) (-l)^- 1 ^ (-1) |C|_1 - 

C: non-empty chain in 

t*(C)=£> 

Let 1 < p < / be the maximal index with a property that D p X k _\\ if 
no such index exists we set p = 0. In the remaining part of this paragraph 
we will show that A \ {x k } e X k _\ holds for all 1 < % < p. Clearly, in the 
cases when p = or i = p there is nothing to prove. Assume that i < p 
and Di \ {x k } £ X k _i. Since Di e X k it follows that x k e D { e X k _i. 
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It is easy to check that an analogue of (1281) holds true for the family Ik-i- 
We apply this property for A = Di and B = D p \ {xk} which results in a 
contradiction since A(l B = D i \ ^ Tk-i an d AU B = D p ^ Ik-x- 

Let 1 < q < I be the minimal index with a property that x fc G D q ; if 
no such index exists we set g = n + 1. Similarly as above we show that 
Di G Tk-\ holds for all q < i < I. 

The above analysis shows that a chain C contained in lk-i such that 
tfc(C) = D must have one of the following two forms: 

(1) if C = (Ci, . . . , Ci) is a /-chain then there exists a number r (p < 
r < q) such that 



A \ {^fe} for 1 < i < r, 
A for r < z < L 



(2) if C = (Ci, . . . , C/ + i) is a / + 1 -chain then there exists a number r 
(p < r < q) such that 




for 1 < % < r, 
for r < 2 < / + 1. 



There are g — p choices for the first case and there are q — p — 1 choices for 
the second case and (|29|) follows. □ 



6.2. Applications of Euler characteristic. 

Corollary 6.2. Let a±, a 2 G Z?e permutations such that (a±, a 2 ) acts 

transitively and let q : C(a 2 ) — > {2, 3, . . . } be a coloring with a property 
that 

E 9(0 = 1^)1 + 167(^)1. 

ieC(a 2 ) 

We define X to be a family of the sets A C C(a 2 ) with the following two 
properties: 

• A^l and A ^ C(a 2 ), 

• there are at most J2ieA — l) c y°l es °J '°\ which intersect |J A. 
TTzen 



i »yj = 0, 

otherwise. 



(30) E E 

*>o c=(Ci£-gco, 
Ci,...,Qei 

Proof. It is enough to prove that the family X fulfills the assumption of 
Lemma I6TT1 we shall do it in the following. For A C C(cr 2 ) we define 

/(A) = ^number of cycles of o\ which intersect [^J A \ — E^ (9(0 ~~ l) • 
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In this way A e 1 iff A ^ 0, A ^ C(a 2 ) and f(A) < 0. 
It is easy to check that for any A, B C C(a 2 ) 

(31) f(A) + f(B) > f(A U B) + f(A n 5) 

therefore if A, 5 G Xthen /(AUB) < Oorf(AnB) < 0. If AnB ^ and 
AUB ^ C(<7 2 ) this finishes the proof. Since /(0) = /(C(<7 2 )) = also 
the case when either A n B = $ ov AVJ B = C(a 2 ) follows immediately. 

It follows that if A, B e J and A n B, A U B £ 1 then A,B ^ 0, 
AnB = MuB = C(<7 2 ), /(A) = /(B) = 0. The latter equality shows 
that 

^number of cycles of a\ which intersect + 

(number of cycles of o\ which intersect B j = |C(<7i)| 



therefore each cycle of a\ intersects either (J A or (J B which contradicts 
transitivity. □ 

Lemma 6.3. For any n > 1 

(32) £(-!)* H fc! = (-1)", 

k ^ ' 

where {"} denotes the Stirling symbol of the first kind, namely the number 
of ways of partitioning n-element set into k non-empty classes. 

Proof. A simple inductive proof follows from the recurrence relation 

□ 

Corollary 6.4. Le? r > 1 anJ letki, . . . ,k r and n\, . . . ,n r be numbers such 
that k\ + • • • + k r — n\ + • • • + n r . We define X to be a family of the sets 
A C {1, . . . , r} with the following properties: A ^ and A ^ {1, . . . , r} 
and 



Then 
(33) 



E E (-1)' 

*>o c=(Cig-gc,), 

Ci,...,C;6X 




if (k u ...,k r ) = (ni,...,n r ), 
otherwise. 
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Proof. If (ki, . . . , k r ) = (m, . . . , n r ) then X consists of all subsets of {1, ... , r} 
with the exception of and {1, . . . , r}. Therefore there is a bijective corre- 
spondence between the chains C = {C\ £ • • • £ C{) which contribute to 
the left-hand side of (1331) and sequences (D t , . . . , Di +1 ) of non-empty and 
disjoint sets such that D\ U • • • U A+i = {1, 2, . . . , r}; this correspondence 
is defined by requirement that 

Ci = Di u • • • u A- 

It follows that the left-hand side of (|33l) is equal to 

D-D- {,;>+!)! 

which can be evaluated thanks to (l32l) . 

We consider the case when (ki, . . . , k r ) 7^ (ni, . . . , n r ); for simplicity 
we assume that k\ ^ n\. We define 

f(A) = ~ th) 

which fulfills (l3TT) and similarly as in the proof of Corollary l6.2l we conclude 
that condition (|28l ) is fulfilled under additional assumption that A R £> 7^ 
or AU B 7^ {1,2,..., r}; this means that Lemma I6TT1 cannot be applied 
directly and we must analyze the details of its proof. We select the sequence 
xi,X2, ■ ■ ■ used in the proof of Lemma 16.11 in such a way that x\ — 1. 
A careful inspection shows that the proof of the equality x(^o) = 
presented above is still valid. Since families Xi,X 2 , . . . fulfill condition 
(28]) therefore x(2i) = x(X 2 ) = • ■ ■ = 0. □ 

Corollary 6.5. Le? r > 1, letU £ P(l,2, . . . ,r) be a partition, let ni, . . . , n r 
&e numbers and let <p : U ^ M. be a function on the set of blocks of the par- 
tition II wzY/z a property that 

} j <p{b) = ni H hn r 

ben 

an J 0(6) > |6| holds for each block 6 6 II. We define X to be a family of 
the sets A C {1, . . . ,r} wzYft the following properties: A 7^ and A 7^ 
{1, . . . , r} and 

ben, ieA 
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Then 
(34) 



-lr- 1 i/m = E, 



n, 



(—1)'= < holds for each block b EH, 

c lt ...,Ciez 
Proof. We define 



z>o <7=(Ci£— £Cj), o otherwise. 

c lt ...,Ciez 



fcen, 

which fulfills (f3TT) . The remaining part of the proof is analogous to Corol- 
lary [631 □ 

7. Proof of the main result 
We will prove Theorem 1 1.41 in the folllowing equivalent form. 

Theorem 7.1 (The main result, reformulated). Let k > 1 and let nx, . . . , n r > 

2 be a sequence of integers. The derivative ofKerov polynomial 

d d 



dR ni dRr, 



R2=R 3 -- 



is equal to the number of triples (ax, a 2 , i) with the following properties: 

(a) ax,a 2 is a factorization of the cycle; in other words ax,a 2 E &(k) 
are such that ax o a 2 — (1, 2, . . . , k); 

(b) \C(a 2 )\ = r; 

(c) \C(ax)\ + \C(a 2 )\ = n x + • • • + n r ; 

(d) £ : C(cr 2 ) — ► {1, • • • , r} is a bijection; 

(e) for every set A C C(a 2 ) which is nontrivial (i.e., A ^ and A ^ 
C(a 2 )) we require that there are more than J2i<=A { n £(i) ~ l) cycles 
of ax which intersect U A. 

Proof. Let us sum both sides of (1301) over all triples (ax, a 2 , €) for which 
conditions |(a)f|(d)| are fulfilled; for such triples we define the coloring q : 
C(a 2 ) — > {2, 3, . . . } by q(i) = n^y It follows that the number of triples 
which fulfill all conditions from the formulation of the theorem is equal to 

(35) E Badc ' 

l>0 C=(G\,...,C{), 

0£Ci£-£C i £{l,2,..,r-} 

where Bade for C = (Cx, ■ ■ ■ ,Cj) denotes the number of triples (ax, a 2 , t) 
which fulfill |(a)f|(d)| and such that for each 1 < j < I there are at most 
Sigc { n i — 1) cycles of o x which intersect [j ieC . 
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Theorem l4.6l shows that 

(36) Bad c = tPx • ■ -PrQ^ 1 • ■■q^ 1 }^, 

Aix ■■■■■ A^t* 

where the above sum is taken over all integers fci, . . . , k r > 1 such that 

(37) k\ + ■ ■ • + k r = rii + • • ■ + n r 
and 

(38) k r+ i-\Cj\ + \- k r < 2^ n i holds for each 1 < j < I . 

v ' idC- 

\Cj \ summands 3 

We apply Lemma |4~51 to the right-hand side of (|36l) . Therefore 

(39) Bad c = (-l)'" 1 E Q) 

neP(i,2,...,r) fci,...,fc r 



'((E iet fei.|b|):6en) 



where the first sum runs over all partitions II of the set {1,2, ... ,r} and 
the second sum runs over the tuples ki, . . . , k r which fulfill conditions (1371 ), 
(|38l ) and such that the set of indices i such that fcj > 2 coincides with the 
set of rightmost legs of the blocks of II. 

For simplicity, before dealing with the general case, we shall analyze first 
the contribution of the trivial partition which consists only of singletons. 
We define Bad£ lvial to be the expression (1391 with the sum over partitions 
replaced by only one summand for 11 = {{1}, {2}, . . . , {r}}, i.e. 

(40) Badg- 1 = E QfU-,(^ 

where the sum runs over the same set as in Equation (l36l) with an additional 
restriction k%, . . . , k r > 2. 

Corollary 14 . 3 1 show s that we may change the order of the elements in the 
sequence (k\, . . . ,k r ) hence (|40b holds true also if the sum on the right- 
hand side runs over all integers k\, . . . ,k r > 2 such that k\ + ■ • ■ + k r = 
rii + • — h n r and such that for each 1 < j < I 



Hi. 



Therefore for an analogue of the sum (1331 ) Corollary 16.41 shows that 

E (-i)'Bad^ ai = (-ir i ga il)i ... iKil) . 

Z>0 C=(Ci,...,Ci), 

0£Ci£-£C i £{l,2,...,r} 

Notice the the right-hand side is the summand appearing in Corollary 14.41 
for the trivial partition II which is quite encouraging. 
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Having in mind the above simplified case let us tackle the general parti- 
tions II. Corollary 14.31 shows that we may shuffle the blocks of partition II 
hence from (1391) it follows that 



(41) 



Bad, 



c 



:-i) 



r-l 



E E« 



(^(6),|6|):6en 



neP(i,2,...,r) 4> 

where the second sum runs over all functions which assign integer num- 
bers to blocks of II and such that: 

• <f>{b) > \b\ + 1 holds for every block b £ II; 

• Ef, e n<K & ) = niH hn r ; 



W0-|&\Ci|)<£ 



ben, 

6nC7j^0 



holds for each 1 < j < I. 
Therefore (1331) is equal to 



— ' — " " ' (0(6),|6|):6en 



neP(i,2,...,r) 



E E (- 

i>0 C=(Ci....,C,). 

0gcig-gc^{i,2,..,r} 



\i+r-l 



Corollary 16.51 can be used to calculate the expression in the bracket hence 
the above sum is equal to 

E Qn n x(-i) Hn| - 



neP(i,2,...,r) 



(E i6& ni,|6|):66n 



Corollary 14.41 finishes the proof. □ 

Proof of Theorem [L6] is analogous (the reference to Theorem |4.6l should 
be replaced by Theorem 14.71) and we skip it. 

8. Graph decomposition 

In this section we will compare our main result with the previous compli- 
cated combinatorial description of the coefficients of Kerov's polynomials 
proposed by Feray in HFer07H . This will lead us to a new proof of the main 
result of this paper, Theorem 1 1.41 and Theorem II .61 

8.1. Reformulation of the previous result. Let us consider the formal 
sum of the collection of graphs (V CTl,cr2 ) CTli(72 over all factorizations a\ • = 
(1, 2, . . . , k) (these graphs were defined in Section [L~8l but in order to be 
compatible with the notation of the paper HFer07H it might be more conve- 
nient to allow multiple edges connecting two cycles with the multiplicity 
equal to the number of the elements in the common support). Let us apply 
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Figure 4. Local transformations on graphs. 

the local transformations presented on Figure |4] (the reader can easily imag- 
ine the generalizations of the the drawn transformation to bigger loops: for 
a given oriented loop of length 2k we remove in 2 k — 1 ways all non-empty 
subsets of the set of edges oriented from a black vertex to a white vertex 
with the plus or minus sign depending if the number of removed edges is 
odd or even) to each of the summands and let us interate this procedure until 
we obtain a formal linear combination of forests. Of course, the final result 
S may depend on the choice of the loops used for the transformations, so in 
order to have a uniquely determined result we have to choose the loops in 
some special way, for example as described in paper PFer07L the details of 
which will not be important for this article. 
Then we have the following result: 

Theorem 8.1 (Feray [Fer07]). The coefficient of R S 2 R S ^ . . . in Kk is equal 
to (— 1) 1+S 2+S3+--- times the t t a i sum of coefficients of all forests in S which 
consist of Si trees with one black and i — 1 white vertices ( i runs over 
{2,3,...}). 

We will reformulate this result in a form closer to Theorem 11.41 For 



this purpose, if (01, a 2 , q) is a triple verifying conditions |(a)f|(d)| and F is 
a subforest of V " 1 ' " 2 with the same set of vertices, we will say that F is a 
g-forest if the following two conditions are fulfilled: 

• all cycles of a 2 (black vertices) are in different connected compo- 
nents, 

• each cycle c of a 2 is the neighbor of exactly q(c) — 1 cycles of <j\ 
(white vertices). 

Theorem 8.2. Let k > 1 and let s 2 , s%, . . . be a sequence of non-negative 
integers with only finitely many non-zero elements. The coefficient of the 
monomial R S 2 2 R S ^ • • • in the Kerov polynomial is equal to the number of 
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triples (oi , 02, q) which fulfill conditions \(a)\\(d)\ of Theorem MAX and such 
that 

(e 5 ) when we apply the transformations from Figure\4\as prescribed in 
[Fer07, Section 3], in the resulting linear combination of forests 
there is (exactly one) q-forest. 

It is easy to see that this theorem is a reformulation of Theorem 18.11 A 
priori, it might seem that in the theorem above we should count each triplet 
(<Ti, cr 2 , q) with multiplicity equal to the number of g-forests appearing in 
the result, but we will prove in Corollary 18 .41 that it is always equal to or 
1. 

Comparing Theorem 18 .21 with Theorem [L4] we may wonder if conditions 



(e) and (e ) are equivalent. We will prove their equivalence in the following 



section. 



8.2. Equivalence of conditions [(e)] and |(e 5 )[ In S ection [L9] we introduced 



the notion of g-admissibility of a graph. Recall that if a graph G is con- 



nected then it is g-admissible if and only if it satisfies condition (e ) which 



is a reformulation of (e) Notice also that if G contains no loops then it is 



g-admissible if and only if it is a g-forest. 

Lemma 8.3. The sum of coefficients of q-admissible graphs G multiplied by 

^ynumber of connected components of G) ina j ormal Umar combination of bipartite 

graphs with a given set of vertices and labeling q : V, — ► {2,3,...} does 
not change after performing any transformation of the form presented on 
Figured 

Proof. Let us choose some oriented loop L in graph G and let us denote by 
E the set of edges which can be erased in the corresponding local transfor- 
mation from Figure 51 in other words E consists of every second edge in 
the loop L. 

Consider the convex polyhedron P (without boundary) which is the set 
of all pos itive solutions (x e ) e is an edge of G to the system of equations from 



condition (e ) 



If / is a real function on the set of edges of G and v is a vertex of G we 
define (<&(/)) (v) to be the sum of values of / on edges adjacent to v. If P 
is non-empty then its dimension is equal to the dimension of ker $. It is a 
simple exercise to show that Im $ consists of all functions on vertices of G 
with a property that for each connected component of G the sum of values 
on black vertices is equal to the sum of values on white vertices hence 



dim Im $ = (number of vertices of G) — (number of components of G) . 
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It follows from rank-nullity theorem that 

(42) dim P = dim ker $ = 

(number of edges of G) — (number of vertices of C7) + 

(number of connected components of G). 

For a positive solution (x e ) of our system of equations and a real number 
t we define 

{x e if e ^ L, 

x e + t if ee(L\E), 
x e — t He E E. 

which is also a solution. Let t be the minimal positive number for which 
(y e ) is not positive. In this way we define a map II : (x e ) i— > (y e ). 

For any non-empty A C E we define Pa to be the set of positive solutions 
with a property that 

WeeE e e A -<=>- x e = mmxf. 

Since the defining condition for P A can be written in terms of some equa- 
tions and inequalities it follows that Pa is a convex polyhedron. It is easy 
to check that 

Ti{P A ) = {(x e ) : non-negative solution such that 

V e:e dgeofG (x e = 0) (e E A)} . 

The latter set can be identified with the set of positive solutions for our 
system of equations corresponding to the graph G' = G \ A. It follows that 

(43) dim P A = 1 + dim IL(P A ) = 

1 + (number of edges of (G \ A)) — (number of vertices of G) + 

(number of connected components of (G \ A)) , 

where the last equality is just (1421) applied to G' = G \ A. 

It is easy to see that P = Ua^0 Pa ^ s a disjoint union therefore we have 
the equality between the Euler characteristics: 

which thanks to (|42]) and (|43]) shows that 

(44) ^ 1 ) (number of connected components of G) jp ^ non _ em pty] = 

(_ 1 )(numb e rofcomponentsofG\A) [p^ i s n0 n-empty] , 
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where we use the convention that 

1 if (condition) is true, 
otherwise. 



[(condition)] 



Proposition ! 1 .91 shows that P (respectively, Pa) is non-empty if and only 
if G (respectively, G \ A) is g-admissible therefore ([44]) is equivalent to 

(_-Q(numberof components of G) ^ ig g _ admiss i b l e ] = 

1)1^1-1 ^^(number of components of G\A) \ ^ ^ g-admissible] , 

which is the desired equality. □ 
Corollary 8.4. Suppose that (cri, <t 2 , q) is a triple verifying the conditions 



(a)\](d)\of TheoremU A\ If we iterate local transformations from Figure^on 



V 7l ' CT2 until we obtain a formal linear combination of forests (not necessar- 
ily choosing the loops as prescribed in [Fer07]J then the sum of coefficients 
of q-forests in the result is equal to 

if condition \(e)\ is fulfilled; 
otherwise. 

In the case when we perform the transformations as prescribed in HFer07l 
Section 3], the sign property of this decomposition ([Fer07, Proposition 
3.3.1] J implies that there is exactly one q-forest (with the appropriate sign) 




in the resulting sum if condition (e) is fulfilled and there are no q-forests 



otherwise; in other words condition^ejjis equivalent to \(e ) 



Analogous results can be stated for the situation presented in Theorem 

\m 

The above corollary together with Theorem [821 give another proof of the 
main result of the paper, Theorem 11.41 and Theorem 1 1 .61 In such a proof 
the difficulty is moved to the proof of Theorem 18.11 which was proved in a 
not easy paper [Fer07]. A careful reader may notice however that the most 
difficult parts of the article [Fer07] are not diretctly related to Theorem |8.1| 
therefore one can extract a rather accessible proof in this way. 
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